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Let Γ be a graph in which each vertex is non-adjacent to another
different one. We show that, if G is a ﬁnite solvable group with
abelian Fitting subgroup and with character degree graph Γ (G) =
Γ , then G is a direct product of subgroups having a disconnected
character degree graph. In particular, Γ is a join of disconnected
graphs. We deduce also that solvable groups with abelian Fitting
subgroup have a character degree graph with diameter at most 2.
© 2011 Elsevier Inc. All rights reserved.
Introduction
If G is a ﬁnite group, we have the set Irr(G) of the irreducible characters of G and the set cd(G) =
{χ(1): χ ∈ Irr(G)}. The set of relevant primes is
ρ(G) = {p: p is a prime number, p | χ(1), χ ∈ Irr(G)}.
The vertices of the character degree graph Γ (G) of G are the elements of ρ(G). There is an edge
between two vertices p and q if the product pq divides some number k ∈ cd(G).
Ito–Michler’s theorem [5, pp. 176–177] states that, for any ﬁnite group G , π(G) − ρ(G) = {p ∈
π(G): P ∈ Sylp(G), P ′ = 1, P  G}.
Manz, Willems and Wolf have proved that [5, pp. 230–231, pp. 254–257], if G is solvable, then
Γ (G) has at most two connected components. The fundamental property established by Palfy in [6]
ensures that the character degree graph of a solvable group has usually many edges. In fact, it guar-
antees that whenever one takes three distinct primes in the character degree graph, there is an edge
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connected, then each connected component is complete. Moreover, if G is solvable with connected
character degree graph, then the diameter of Γ (G) is at most 3. Lewis has proved in [4] that there
exist solvable groups with character degree graph with diameter 3. It is subject of interest to ﬁnd out
general suﬃcient conditions for the groups to obtain character degree graphs with diameter 3.
Lewis has provided a complete classiﬁcation of solvable groups admitting a disconnected character
degree graph [2], while Zhang in [8] has obtained estimations of the p-length of a solvable group by
supposing that a vertex p is non-adjacent to another different one.
The aim of our study is to establish if certain graphs can be the character degree graphs of solvable
groups and to obtain a characterization of the groups that admit them. It is clear that any complete
graph (i.e. a graph in which every vertex is adjacent to all the others) occurs as character degree one
of a solvable group (it suﬃces to consider a suitable nilpotent group). If we require that a graph Γ
is disconnected, then Γ must have two complete connected components and one of them is much
larger than the other one [7]. Moreover, the solvable groups that induce such graphs are completely
described [2].
A further step is to suppose that the graphs are connected and have every vertex non-adjacent
to another one. This hypothesis is more general than supposing that a graph has diameter 3 or that
it is disconnected. In this context, a ﬁrst approach is to assume that the groups of interest have an
abelian Fitting subgroup. The consequence is that the graph is a join of disconnected graphs and that
the group is a direct product of certain non-trivial subgroups.
Theorem A. Let G be solvable with F = F (G) abelian. Suppose that the degree in Γ (G) of every v ∈ ρ(G) is
at most |ρ(G)| − 2. Then, for an integer n,
F = M1 × · · · × Mn × Z
with M1, . . . ,Mn minimal normal subgroups of G and Z = Z(G);moreover
G = D1 × · · · × Dn,
where M1  D1, . . . , Mn  Dn, (|Di/Mi |, |D j/M j |) = 1 for every i = j, and Γ (D1), . . . ,Γ (Dn) are discon-
nected graphs.
Therefore, by observing that the character degree graph of a direct product of groups of coprime
orders is the join of the graphs associated to each direct factor, we obtain the following corollary.
Corollary B. Let Γ be a graph where every vertex is non-adjacent to another one. If Γ is the character de-
gree graph of a solvable group with abelian Fitting subgroup, then it is a join of subgraphs, each of those is
disconnected in two complete components.
As a consequence, we exclude solvable groups with abelian Fitting subgroup to have a character
degree graph with diameter 3.
Corollary C. Let G be a solvable group with abelian Fitting subgroup and connected character degree graph.
Then the diameter of Γ (G) is at most 2.
1. Preliminaries
We consider ﬁnite simple graphs with no loops. Given a vertex v , d(v) denotes the degree of v ,
i.e. the number of vertices adjacent to v , while δ(v) is the set of the vertices different from v that
are not adjacent to v . A vertex is said to be complete if it is adjacent to all the other vertices. A graph
is complete if every vertex is complete. For an integer d  1, a graph is d-regular if every vertex has
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is the length of the shortest path between v and w . The diameter of a graph Γ , d(Γ ), is the integer
max{d(v,w) | v,w ∈ V (Γ )}. In a disconnected graph, the diameter is deﬁned to be the maximum
among the diameters of the connected components.
Given two graphs Γ1 and Γ2, the graph join Γ1 ∗Γ2 is the graph whose set of vertices is the union
of the vertex set of Γ1 with the vertex set of Γ2, and whose set of edges is the union of the edge set
of Γ1 with the edge set of Γ2 together with all the edges joining Γ1 and Γ2.
If G is a ﬁnite group, π(G) denotes the set of all prime divisors of the order of G; analogously,
given an integer n, π(n) is the set of all the primes dividing n. If π is a set of prime integers, a
π -group is a group whose order is divided only by primes belonging to π . Similarly, a π -number is
an integer whose prime divisors are contained in π . If π is a set of prime numbers, π ′ is the set of
all the primes not belonging to π .
From now on, we shall consider only ﬁnite groups.
Set G , H  G and θ ∈ Irr(H). We have the sets Irr(G|θ) = {χ ∈ Irr(G): [χH , θ] = 0} and
Irr(G|Irr(H)) = {χ ∈ Irr(G): [χH , θ] = 0 for θ ∈ Irr(H)}. Analogously, one deﬁnes the sets cd(G|θ)
and cd(G|Irr(H)). The set ρ(G) inherits the notation used for Irr(G) and cd(G), thus, if N  G and
ψ ∈ Irr(N), we may consider the sets ρ(G/N), ρ(G|ψ) and ρ(G|Irr(N)), and the respective induced
subgraphs in Γ (G).
If φ(G) and F (G) are respectively the Frattini subgroup and the Fitting subgroup of a solvable
group G , we have the identities ρ(G) = π(G/Z(F (G))) = π(G/F (G)) ∪ ρ(F (G)) and ρ(G/φ(G)) =
π(G) − {p: P ∈ Sylp(G), P  G} = π(G/F (G)).
Theorem 1.1. (See [7], [1, p. 186].) Let G be a group and let N be a normal subgroup of G. Let 1 = θ ∈ Irr(N)
and suppose that one of the following holds:
(i) (|G/N|, |N|) = 1;
(ii) θ is linear and N is complemented in G;
(iii) IG(θ)/N is cyclic.
Then θ has an extension θ ∈ Irr(IG(θ)).
If either (i) or (ii) of the last theorem are satisﬁed, then N is complemented in G by a subgroup K .





β → βθ → (βθ)G .
Therefore, for any θ ∈ Irr(N),
cd(G|θ) = {∣∣K : I K (θ)
∣∣θ(1)β(1): β ∈ Irr(I K (θ))}.
Observe that, if V is an abelian ﬁnite group, Irr(V ) is a group with operation the usual product
between characters. Moreover, there is an isomorphism between V and Irr(V ).
Lemma 1.2. (See [5, p. 157].) Let G be a group and V an abelian group. Then:
(i) G acts faithfully on V if and only if G acts faithfully on Irr(V );
(ii) G acts irreducibly on V if and only if G acts irreducibly on Irr(V ).
Lemma 1.3. (See [8].) Let V be an F p[G]-module for a group G, where F p is the Galois ﬁeld of p elements.
Then Irr(V ) has a natural F p[G]-module structure induced by the action of G on V and the following results
hold:
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(ii) if V is a submodule of W , then Irr(V ) is isomorphic to a homomorphic image of Irr(W );
(iii) as F p[G]-modules, V 	 W if and only if Irr(V ) 	 Irr(W ).
Let V be a vector space of dimension d over the ﬁeld of p elements. Then, if q = pd , we may
identify V with the additive group of the Galois ﬁeld Fq . Using this identiﬁcation we deﬁne the
group of semi-linear transformations
Γ (V ) = {x → axσ ∣∣ x ∈ V , 0 = a ∈ Fq, σ ∈ Aut(Fq)
}
.
This group has a cyclic normal subgroup M(d, p) = {x → ax | 0 = a ∈ Fq} of order pd − 1 (its elements
are the multiplications of the ﬁeld), with cyclic complement Aut(Fq) of order d (the group of Galois
automorphisms).
Whenever we write G  Γ (V ) for a linear group G  GL(V ), we mean that there is on the abelian
group V a suitable labeling of the elements in such a way that, by the action of G on V , G embeds
into Γ (V ).
Lemma 1.4. (See [3].) Let the solvable group G act faithfully on an arbitrary ﬁnite group V , and let p be a
prime divisor of |G|. Suppose that for each non-identity v ∈ V , CG(v) contains a unique Sylow p-subgroup
of G. Then one of the following occurs:
(i) p = 3, |V | = 9, and either G 	 SL(2,3) or G 	 GL(2,3);
(ii) G  Γ (V ), G is irreducible on V and contains a normal abelian subgroup that acts irreducibly on V .
2. Main theorem
The next lemma will be used often in the sequel.
Lemma 2.1. (See [5, p. 254].) Let G be solvable and let 1 = F0  F1  · · · Fh = G be its upper Fitting series.
Then π(Fi/Fi−1) induces in Γ (G) a complete subgraph, for 2 i  h.
We cite two results which are useful to describe the groups having a disconnected character degree
graph: the ﬁrst one focuses on certain semi-direct products, the other is the complete classiﬁcation
of the groups admitting disconnected graphs.
Lemma 2.2. (See [2].) Let V be a ﬁnite vector space, and consider a group H that acts faithfully on V . Write K
for the Fitting subgroup of H and m = |H/K |. Assume that H has an abelian normal subgroup A so that V is
irreducible under the action of A. If Γ (HV ) has two connected components, then K is a Hall-subgroup of H,
where K and H/K are cyclic, K V is a Frobenius group, there exists a prime power q so that |V | = qm, and
(qm − 1)/(q − 1) divides |K |.
Theorem 2.3. (See [2].) Let G be a solvable group. Then Γ (G) has two connected components if and only if G
belongs to one of the following families:
(i) G has a normal non-abelian p-Sylow subgroup P and an abelian p′-complement K for some prime p,
P ′  CP (K ) and every non-linear irreducible character of P is fully ramiﬁed with respect to P/CP (K );
(ii) G is the semi-direct product of a subgroup H acting on a subgroup P where P is elementary abelian of
order 9 and cd(H) = {1,2,3}, CH (P ) Z(H) and H/CH (P ) 	 SL(2,3);
(iii) G is the semi-direct product of a subgroup H acting on a subgroup P where P is elementary abelian of
order 9 and cd(H) = {1,2,3,4}, CH (P ) Z(H) and H/CH (P ) 	 GL(2,3);
(iv) G is the semi-direct product of a subgroup H acting on an elementary abelian p-group V for some prime
p, |H : F (H)| > 1, |V | = q|H :F (H)| where q is a p-power, CH (V ) Z(H), F (H)/CH (V ) is abelian, F (H)
acts irreducibly on V , (|H : F (H)|, |F (H) : CH (V )|) = 1 and (q|H :F (H)| − 1)/(q − 1) | |F (H) : CH (V )|;
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G/Q is not abelian, Q ′  CQ (K ) and CK (Q ) is central in G, every non-linear irreducible character of Q
is fully ramiﬁed with respect to Q /CQ (K ) which is an elementary abelian 2-group of order 22a and is an
irreducible K -module, moreover K/CK (Q ) is abelian of order 2a + 1;
(vi) G is the semi-direct product of an abelian group D acting coprimely on a group T so that [T , D] is a
Frobenius group with non-abelian p-group ( for a prime p) Frobenius kernel T ′ = [T , D]′ and Frobe-
nius complement B with [B, D] B, every character in Irr(T |T ′′) is D-invariant, T ′/T ′′ is B-irreducible,
|T ′ : T ′′| = q|D:CD (T ′)| where q is a p-power and (q|D:CD (T ′)| − 1)/(q − 1) | |B|.
We start our investigation of character degree graphs with no complete vertices by considering
certain semi-direct products of groups.
In the next lemma with weaker hypothesis we achieve the same results of Lemma 6 in Palfy’s
paper [7].
Lemma 2.4. Let D be a group acting irreducibly and linearly on a ﬁnite vector space V such that, by identi-
ﬁcation of V with the additive group of a ﬁnite ﬁeld, one has D  Γ (V ) = AV MV , where AV is the group of
Galois automorphisms and MV is the group of multiplications. Set A = D ∩ AV and M = D ∩ MV . Assume
that the character degree graph of DV has no complete vertices. Then:
(i) (|F (D)|, |D : F (D)|) = 1;
(ii) M is irreducible on V ;
(iii) F (D) = M;
(iv) D = MA, with M ∩ A = 1 and (|M|, |A|) = 1;
(v) Γ (DV ) is disconnected and the two connected components are complete and induced respectively by
π(M) and π(A);
(vi) |π(A)| 1 and 2|π(A)| − 1 |π(M)|.
Proof. By the faithfulness of D on V , F (DV ) = V . Since D  Γ (V ), h(D)  2, then π(F (D)) and
π(D/F (D)) induce in Γ (DV ) two complete subgraphs. Note that
ρ(DV ) = ρ(F (DV ))∪ π(DV /F (DV ))= ρ(V ) ∪ π(DV /V ) = π(D).
If D is nilpotent, then π(F (D)) = π(D) = ρ(DV ) induces a complete subgraph that coincides with
Γ (DV ). This is absurd, so h(D) = 2.
If π(F (D)) and π(D/F (D)) intersect non-trivially, a prime contained in the intersection is com-
plete in Γ (DV ), hence the ﬁrst claim follows.
If M is trivial, then D is abelian, a contradiction, hence M = 1. M acts ﬁxed-point-freely on V ,
as it is a subgroup of the group of multiplications, hence every non-trivial orbit length of D on V is
divided by |M|. M  F (D) as M is cyclic and M  D (M is characteristic in MV , so it is normal in
Γ (V )). By hypothesis, there exists a prime r ∈ π(D/F (D)) and a prime divisor s of |M| such that s r.
By Theorem 1.1, for any 1 = λ ∈ Irr(V ), cd(DV |λ) = {|D : ID(λ)|β(1): β ∈ Irr(ID(λ))}, therefore, by
duality, CD(v) contains a unique abelian r-Sylow subgroup R of D for every 1 = v ∈ V . Consider the
subgroup MR  D . D/M = D/(MV ∩ D) 	 DMV /MV  Γ (V )/MV , hence D/M is abelian, therefore
MR/MD/M , and so MRD . It follows that for any 1 = v ∈ V , CMR(v) contains a unique conjugated
subgroup of R; then, by Lemma 1.4, MR is irreducible on V . Suppose there exists a proper non-trivial
M-invariant subspace V1  V . For every v ∈ V1, RM = CRM(v)M, thus vRM = vCRM (v)M = vM  V1.
It turns out that V1 is RM-invariant, a contradiction, and (ii) is proved.
Take 1 = a ∈ MV such that M = 〈a〉, and set C = CΓ (V )(a)  MV . We have C = MV (C ∩ AV ). If
we suppose C > MV , then there exists 1 = σ ∈ C ∩ AV . σ is a non-trivial Galois automorphism,
then 1 < CV (σ ) < V . For every v ∈ CV (σ ), va = (vσ )a = (va)σ , hence va ∈ CV (σ ), therefore CV (σ )
is a non-trivial proper M-invariant subgroup, that is a contradiction as we have showed that V is
M-irreducible. It follows that C = MV , thus C ∩ D = MV ∩ D, which means CD(M) = M.
C.P. Morresi Zuccari / Journal of Algebra 353 (2012) 22–30 27As M  MV , by duality |M| divides every inertia index in DV of any non-trivial irreducible charac-
ter of V . Suppose there exists 1 = λ ∈ Irr(V ) such that |M| < |DV : IDV (λ)|. Then there exists a prime
s ∈ π(D/M) such that |M|s divides |DV : IDV (λ)|. By Clifford theory, π(|M|s) induce a complete sub-
graph in Γ (DV ), thus s is adjacent in Γ (DV ) to all the primes in π(|M|s) ∪ π(D/M) ⊇ ρ(DV ), and
we get a contradiction. Therefore |M| = |DV : IDV (λ)| = |D : ID(λ)| for every 1 = λ ∈ Irr(V ). Since
(|D : M|, |M|) = 1, one has that M and ID(λ) have coprime indices in D for every 1 = λ ∈ Irr(V ).
By duality, if we take the element 1 (that is the identity element of the multiplicative part of V
viewed as ﬁnite ﬁeld), we obtain that D = MCD(1). By AV = CΓ (V )(1), one has CD(1) = A, thus
D = MA. Since AV ∩ MV = 1 and (|M|, |D/M|) = 1, (iv) is proved. Suppose that M < F (D). Since
(|M|, |F (D)/M|) = 1, there exists in F (D) − M a non-trivial element that centralizes M . This is a
contradiction as CD(M) = M , so (iii) is proved.
Observe that one has the disjoint union ρ(DV ) = ρ(D) ∪ ρ(DV |Irr(V )). D is metanilpotent with
abelian Fitting subgroup, then ρ(D) = π(D/F (D)) = π(D/M) = π(A). We have
cd
(
DV |Irr(V ))= {∣∣D : ID(λ)
∣∣β(1)λ(1): 1 = λ ∈ Irr(V ), β ∈ Irr(ID(λ))}
= {|M|β(1): β ∈ Irr(A)}= {|M|}.
It follows that no edges can occur between the two complete subgraphs induced by π(M) and π(A),
thus Γ (DV ) is disconnected.
The proof of the sixth claim may now be found in Lemma 6 and Theorem 3 of [7]. 
Now we deal more generally with groups with abelian Fitting subgroup. The next lemma requires
that a vertex is non-complete: this result will be fundamental later, when we study groups with graph
without complete vertices.
Lemma 2.5. Let G be solvable with abelian Fitting subgroup F = F (G) and let F2 be the second Fitting sub-
group of G. Let q ∈ π(F2/F ) be a non-complete vertex in Γ (G) and Q be a Sylow q-subgroup of F2 . Set
δ = δ(q) ∪ {q}. Then:
(i) F = M × A where M is an irreducible G-module (i.e. a minimal normal subgroup of G) complemented in
G by a subgroup H such that either H/CH (M) ↪→ Γ (Irr(M)), or SL(2,3)  H/CH (M)  GL(2,3) with
q = 2 and {3} ⊆ δ(q);
(ii) G/CG (A) is a δ′-group; in particular, M = [Q , F ];
(iii) if there exist two different non-complete primes q1,q2 ∈ π(F2/F ) that correspond to different minimal
normal subgroups of G, then δ(q1) ∩ δ(q2) =∅.
Proof. We go on by steps to prove (i) and (ii).
(1) Let M = [Oq′ (F ), Q ] and A = COq′ (F )(Q ) × (Q ∩ F ), where Q ∈ Sylq(F2). Then F = M × A and
G = MH , for a subgroup H = 1 such that M ∩ H = 1.
Proof. Let Q ∈ Sylq(F2). Since q ∈ π(F2/F ), F is not a q-group. Therefore, since F is abelian, we have
F = M × A. If M = 1, then F Q will be nilpotent and Q  F , contradicting that q ∈ π(F/F2).
F Q is normal in G as F Q /F is characteristic in F2/F . By the Frattini argument,
G = F NG(Q ) = MANG(Q ) = MNG(Q );
since M ∩ NG(Q ) = CM(Q ) = 1, we obtain that H = NG(Q ) is a complement of M in G . 
(2) H acts irreducibly on M in such a way that either H/CH (M) ↪→ Γ (Irr(M)) or q = 2 and SL(2,3)
H/CH (M) GL(2,3). In particular M is an irreducible G-module.
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subgroup of H . For any 1 = λ ∈ Irr(M), by Theorem 1.1, one has that cd(G|λ) = {|H : IH (λ)|β(1), β ∈
Irr(IH (λ))}, then, by Ito–Michler’s theorem, for any 1 = λ ∈ Irr(M), IH (λ) contains a conjugate of D
as normal abelian subgroup. If D  CH (M), then D  CH (M), and so D  F (CH (M)) = A. It follows
that δ(q) ∩ π(G/F ) =∅, but this is a contradiction as we are supposing δ(q) =∅ and δ(q) ⊆ ρ(G) =
π(G/F ). It follows that δ(q) ∩ π(H/CH (M)) =∅, thus, by Lemma 1.4, M is an irreducible H-module,
and then an irreducible G-module. Furthermore, two cases may occur: either H/CH (M) Γ (Irr(M)),
or SL(2,3) H/CH (M) GL(2,3) with M = C3 × C3. 
(3) CG(A) contains a δ(q)-Hall subgroup of G .
Proof. Take a character 1 = γ ∈ Irr(M) and let D1 be the unique abelian δ(q)-Hall subgroup of H
contained in IH (γ ). If for a character χ ∈ Irr(A) D1  IH (χ), then a prime d ∈ π(D1) divides |H :
IH (χ)|, therefore d | |H : IH (χ)| | |H : IH (χ) ∩ IH (γ )| = |H : IH (γ χ)|, but q | |H : IH (γ )| | |H : IH (γ ) ∩
IH (χ)| = |H : IH (γ χ)|, and we would have found a character γχ ∈ Irr(M × A) whose orbit length
is divided by dq. This implies that there exists an irreducible character of G having degree divisible
by dq, a contradiction.
Thus the inertia subgroup in H of any character in Irr(A) contains the same subgroup D1 of IH (γ ).
It follows (by duality) that D1  CH (A). 
(4) φ(G) A.
Proof. M is a complemented G-irreducible module, thus H is a maximal subgroup of G , hence
φ(G) F ∩ H = A. 
(5) CG(A/φ(G)) contains a q-Sylow subgroup of G .
Proof. By Gaschutz’s theorem [5, p. 37], F/φ(G) has a complement K/φ(G) in G/φ(G). For every
Y  G , write Y = (Yφ(G))/φ(G). Now G = MAK . Take r ∈ δ(q) and let R ∈ Sylr(K ). We know that
R is abelian, R  CK (A), and q | |K : CK (ϕ)| for every 1 = ϕ ∈ Irr(M). If R  K , then r divides the
order of the Fitting subgroup of K/CK (M), hence r divides the length of every K -orbit in Irr(M):
r and q would be adjacent in Γ (G), a contradiction. So we have that R  K .
Since R is abelian, RK = RL  CK (A), with L = Or′(RK ) = 1. If [L, R] was proper in L, then [L, R]R
would be a proper normal subgroup of RK with r′-index, that is impossible as RK = Or′ (RK ) has no
normal proper subgroups with r′-index, thus [L, R] = L. We want to show that a q-Sylow subgroup
of K centralizes A. As L′  K (L′ is characteristic in the normal subgroup L of K ) and L′  CK (A), we
may assume that L′ = 1, so, by coprimality, CL(R) = 1. By Frattini argument and setting B = NK (R),
one has K = RK B = LRB = LB , with L ∩ B = NL(R) = CL(R) = 1. L  CK (A) implies that L  K A,
hence L × A  K A, and K A = B(L × A), with B ∩ (L × A) = 1. Since CL(R) = 1, r | |B : I B(θ)| for
every 1 = θ ∈ Irr(L). If q /∈ π(B), then the q-Sylow subgroups of K will be contained in L  CK (A). So
assume that q ∈ π(B). We have that q  |B : I B(θ)| for every 1 = θ ∈ Irr(L). Let us ﬁx a 1 = θ ∈ Irr(L).
There exists Q 0 ∈ Sylp(B) such that Q 0 is abelian and Q 0  I B(θ). Now r | |B : I B(θψ)| for every
ψ ∈ Irr(A), then q  |B : I B(θψ)| for every ψ ∈ Irr(A). It follows that I B(θψ) = I B(θ) ∩ I B(ψ) contains
a q-Sylow subgroup of K . Since there is a unique q-Sylow in I B(θ), we obtain that Q 0  I B(ψ) for
every ψ ∈ Irr(A), and then, by duality, Q 0  CB(A). It follows that Q˜  CK (A) for every Q˜ ∈ Sylq(K )
and, as a consequence, CG(A/φ(G)) contains a q-Sylow subgroup of G . 
By claims (3) and (5), we infer that G/CG(A/φ(G)) is a δ′-group. In order to prove that
CG (A/φ(G))/CG (A) is a δ′-group, since F (CG(A/φ(G)) = F and F2  CG(A/φ(G)), we may assume
that G = CG(A/φ(G)). As a consequence, since CG(M) ∩ CG(A/φ(G))  F , we have F = CG(M), so
A = CH (M).
C.P. Morresi Zuccari / Journal of Algebra 353 (2012) 22–30 29For the moment, we suppose that H/A  Γ (Irr(M)), thus H/A 	 G/F is metacyclic. In particular,
both π(G/F2) and π(F2/F ) induce in Γ (G) complete subgraphs. Again, let D be a δ(q)-Hall subgroup
of H . Now let S be a q′-Hall subgroup of DH .
(6) Q = CQ (S) × [Q , S] H , CQ (S) H , and [Q , S] is cyclic.
Proof. Since ρ(G) = π(G/F ), we have that q does not divide |G/F2|. It follows that, setting X/A =
F (H/A), H/X is a q′-group. Let Q 1 ∈ Sylq(H). Now AQ 1/A  X/A, thus AQ 1  X . Since Q 1  AQ 1,
we get that Q 1  X , hence Q = Q 1  H .
We have DH = (Q ∩ DH )S  Q S and D  S  DH  CH (A), hence CQ (S) A ∩ Q . Now Q /(A ∩
Q ) 	 Q A/A  X/A is cyclic, thus CQ (S) Q S and CQ (S) H .
A standard argument shows that, since Q /CQ (S) is cyclic, then Q = CQ (S) × [Q , S]. 
(7) Q is abelian and [Q , A] = 1.
Proof. Now D  [Q , S]S  Q S and DH  Q S , thus, since D is a Hall subgroup of H , DH  [Q , S]S .
We have Q ∩DH  Q ∩[Q , S]S = [Q , S](Q ∩ S) = [Q , S], so that CQ (S)∩DH  CQ (S)∩[Q , S] = 1,
hence CQ (S)× DH  H . If D = DH , then D  H . As for any 1 = λ ∈ Irr(M), IH (λ) contains a conjugate
of D as normal abelian subgroup, we get D  CH (M), and so D  F (CH (M)) = A, a contradic-
tion. Hence D  DH , then δ(q) ∩ ρ(DH ) = ∅. We deduce that q cannot belong to ρ(CQ (S)), thus
CQ (S) is abelian and, since [Q , S] is cyclic, we obtain that Q is abelian. Now [Q , (Q ∩ F )] = 1, thus
[Q , A] = 1. 
We conclude by supposing that SL(2,3) H/A  GL(2,3). Now ρ(G) = π(G/F ) = π(H/A) = {2,3},
thus Γ (G) is disconnected (as in Γ (G) there exists at least a non-complete vertex). In particular,
q = 2, as M 	 C3 × C3 is a q′-group. Now G belongs to the families described in items (ii) and (iii) of
Theorem 2.3, so we have that A  Z(G), therefore G/CG (A) = 1 is a δ′-group.
Now [Q , F ] = [Q ,M × A] = [Q ,M] = M completes the proof of the second claim.
Finally, if there exist two different non-complete primes q1,q2 ∈ π(F2/F ) that correspond to non-
G-isomorphic irreducible modules and δ(q1) ∩ δ(q2)  p for a prime p, then a p-Sylow subgroup P
of G centralizes simultaneously both the complement in F of [F , Q 1] and the complement in F of
[F , Q 2], for Q 1 ∈ Sylq1 (F2) and Q 2 ∈ Sylq2 (F2). Then P centralizes F , hence P  F : this contradicts
the hypothesis p ∈ ρ(G) = π(G/F ), so δ(q1) ∩ δ(q2) =∅. 
Proof of Theorem A. Let F2 be the second Fitting subgroup of G . By Lemma 2.5, we associate to each
q ∈ π(F2/F ) a unique minimal normal subgroup M(q) of G , where M(q) = [F , Q ] for Q ∈ Sylq(F2).
Let {q1, . . . ,qn} be a maximal subset of π(F2/F ) such that M(qi)’s are pairwise distinct. Set, for every
i, Mi = M(qi), Ci = CG (Mi), and Ai = COq′i (Q i) × Q i , where Q i ∈ Sylqi (F2). Hence, by Lemma 2.5, we
have F = M1 × · · ·× Mn × Z , where Z =⋂i=1,...,n Ai = Z(F2). As Mi ’s are pairwise non-G-isomorphic,
for every q ∈ π(F2/F ) there exists a unique i such that M(q) = Mi . Therefore, for every i we deﬁne
μi = {q ∈ π(F2/F ): M(q) = Mi} and δi = μi ∪⋃q∈μi δ(q).
Let U = CG(M1 × · · · × Mn) and note that U  F . Since [F2, Z ] = [U ,M1 . . .Mn] = 1, then
[U ∩ F2, F ] = 1, thus U ∩ F2 = F and U = F . It follows that G/F ↪→ G/C1 × · · · × G/Cn and that,
by Lemma 2.5, either G/Ci  Γ (Irr(Mi)), or SL(2,3) G/Ci  GL(2,3), for every i = 1, . . . ,n.
If h(G/F )  2, then, by Lemma 2.1, π(F2/F ) ∩ π(G/F2) = ∅. If h(G/F ) = 3, without loss of
generality we have that CG(A1)/F 	 GL(2,3) and C1/F have coprime order, thus we obtain the de-
composition G/F = CG(A1)/F × C1/F . As a consequence, if p ∈ π(G/F2) is adjacent to every vertex
of π(F2/F ), then p = 2 and p ∈ π(F2/F ). Therefore, for any i, we have that every p ∈ π(G/Ci) − δi
is either in π(F2/F ) or is non-adjacent to some prime of π(F2/F ). In both cases, p ∈ δ j for j = i
and so, by Lemma 2.5, a p-Sylow of G is contained in CG(A j)  Ci , a contradiction. We obtain that
δi = π(G/Ci) for every i = 1, . . . ,n.
As a consequence, G/F 	 G/C1 ×· · ·×G/Cn and, by Lemma 2.5, these factors have coprime orders.
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get that Z = Z(G). Let V be the (π(G) − ρ(G))-Hall subgroup of Z .
Let Hi be a complement in G of
∏
j =i M j for every i. Moreover, we deﬁne, for i = 1, . . . ,n − 1,
Di to be the product of Mi by a Hall δi-subgroup of Hi , and Dn the product of MnV by a Hall
δn-subgroup of Hn . Observe that |G| = |D1| . . . |Dn|.
Let us ﬁx i ∈ {1, . . . ,n}. We have G/F = Ci/F ×(⋂ j =i C j)/F in coprime factors. Since Di F/F is a δi-
Hall subgroup of G/F , it follows that F Di =⋂ j =i C j  G . Now Hi/(Hi ∩ F ) 	 G/F , so Di Z/(Hi ∩ F ) 	
Di(Hi ∩ F )/(Hi ∩ F )  Hi/(Hi ∩ F ), hence Di Z  G . Note that Di/Mi is a normal Hall-subgroup of
Di Z/Mi , hence it is characteristic. It follows that Di  G . We conclude that G = D1 × · · · × Dn . In
particular each Γ (Di) has no complete vertices and (|Di/Mi |, |D j/M j |) = 1 for i = j.
For a ﬁxed index i, we write for a complement Si in Di , Di = SiMi , and set Bi = CSi (Mi). Note
that Bi  Di . The action of Si/Bi on Mi is G-isomorphic to the one of G/Ci on Irr(Mi), therefore
either Si/Bi  Γ (Irr(Mi)) or SL(2,3) Si/Bi  GL(2,3) (and in this case Mi 	 C3 × C3).
For the moment assume that Si/Bi satisﬁes the ﬁrst occurrence. Observe that, if Xi/Bi = F (Xi/Bi),
we have that F (Di) = Xi is abelian, therefore ρ(Di/Bi) = ρ(Di), so Γ (Di/Bi) has no complete
vertices. As a consequence, Lemma 2.4 applies to Di/Bi and we obtain that |Di/Xi | > 1, Xi acts irre-
ducibly on Mi , (|Di/Xi|, |Xi/Bi |) = 1, and Γ (Di/Bi) has two connected components. Now Di/Bi satis-
ﬁes hypothesis of Lemma 2.2, so for q a power of p (where π(Mi) = {p}), we have that |Mi | = q|Di/Xi | ,
and that (q|Di/Xi | − 1)/(q − 1) divides |Xi/Bi |. We conclude that the group Di belongs to the family
described in item (iv) of Theorem 2.3 by Lewis, thus Γ (Di) is a disconnected character degree graph.
If SL(2,3) Si/Bi  GL(2,3) occurs, the group Di belongs to the family described in items (ii) and
(iii) of Theorem 2.3, thus Γ (Di) is a disconnected character degree graph as well. 
Proof of Corollary B. Let a graph Γ satisfy the hypothesis. By Theorem A, the group G such that
Γ = Γ (G) is the product G = D1×· · ·×Dn , where Γi = Γ (Di) is disconnected for every i and ρ(Di)∩
ρ(D j) =∅ for every 1 i = j  n. It follows that Γ = Γ1 ∗ · · · ∗ Γn . 
Observe that every Γi has two complete components whose sizes are estimated by claim (vi) of
Lemma 2.4.
Proof of Corollary C. Assume that the solvable group G with F (G) abelian has Γ (G) with diameter 3,
then Γ (G) has no complete vertices, thus, by Corollary B, Γ (G) is a join of disconnected graphs. Each
of these subgraphs has two connected complete components, hence we can ﬁnd between any pair of
vertices a path of length 2 and achieve a contradiction. Therefore, d(Γ (G)) 2. 
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